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Abstract: The evolution of the non-thermal emission emitted by pulsar wind nebulae is generally calculated
using spatially-independent particle transport models. Although useful, these models implicitly assume that the
source of non-thermal particles is located uniformly throughout the system, contrary to the nature of pulsar wind
nebulae where the source is located at the centre of the system. Additionally, it is not possible to take into account
the spatial properties of the magnetic field and flow velocity, or the effects of diffusion and gradient and curvature
drifts in these models. In this paper we present an extension to the current nebula models by including a spatial
dependence in our numerical solutions of a Fokker-Planck particle transport equation. These solutions also show
the effect that the magnetic field structure has on the evolution of the particle spectrum. Although applied within
the context of pulsar wind nebulae, the presented solutions are equally valid for any similar central source system
such as globular clusters.
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1 Introduction
Relativistic particles transported through a system are gen-
erally subjected to a number of processes, leading to a spa-
tial and temporal variation in the particle energy spectrum.
A natural way to describe the evolution of the energy spec-
trum is to use a Fokker-Planck transport equation. Notable
examples include the transport equation used to describe
the propagation of cosmic rays in the Galaxy [1], and the
Parker transport equation used to describe the modulation
of cosmic rays in the heliosphere [2].
This paper presents the evolution of a non-thermal parti-
cle energy spectrum originating form a central source. The
prototypical example of such a system is a pulsar wind neb-
ulae (PWN), with the Crab Nebula being the best-known
example.
It is generally believed that pulsars produce highly rel-
ativistic winds that consist of electrons and positrons [3],
and possibly hadrons [4]. Due to the plasma nature of the
wind, the ideal magnetohydrodynamic limit is satisfied,
leading to the pulsar’s magnetic field being frozen into the
out-flowing wind [3]. It has been shown that a magnetic
field frozen into a plasma wind that originates from a rotat-
ing magnetic dipole will have an Archimedean spiral struc-
ture (e.g., [5, 6]), and as a result of the large angular veloc-
ity of pulsars, this field can be approximated as purely az-
imuthal. The exception is at the poles, where the magnetic
field has only a radial component.
The dipolar magnetic field of the pulsar further implies
that the direction of the frozen-in magnetic field must re-
verse between the northern and southern hemispheres of
the system. The consequence of this is that a magnetically-
neutral region should exist that separates the regions of op-
posing magnetic polarity [7]. If the magnetic and rotation
axes of the pulsar are aligned, this region forms a flat sheet
in the equatorial plane of the system. On the other hand,
this neutral sheet will have a waved structure if these axes
are not aligned.
When the ram pressure of the pulsar wind is equal to
the confining pressure of the ambient medium, a termina-
tion shock is formed [8] where the charged particles are
accelerated [9]. Downstream of the termination shock the
leptons (electrons and positrons) interact with the frozen-
in magnetic field, leading to synchrotron radiation that is
observed from radio to X-ray wavelengths. Additionally,
the leptons can also inverse Compton (IC) scatter ambi-
ent photons to high-energy and very-high-energy gamma-
ray wavelengths [10]. These ambient photons can have a
number of origins, including the cosmic microwave back-
ground radiation, infra-red radiation from dust, starlight,
and even the radiated synchrotron photons. This non-
thermal emission leads to a luminous nebula, or PWN.
A second example of a central source system is globular
star clusters. It is believed that non-thermal particles are
injected into the cluster by millisecond pulsars located at
its centre. The large size of the cluster compared to the
compact core of pulsars makes it possible to approximate
the central pulsars as a single source. The particles that
diffuse away from the centre of the cluster will produce
synchrotron radiation, as well as IC emission [11].
The simulations presented in this paper will focus on
two key aspects. The first is the effect that diffusion
has on the spatial evolution of a particle spectrum in
a PWN. For these simulations, a spherically-symmetric
steady-state transport equation is solved numerically with
the spatial transport processes of convection and diffusion
taken into account, along with the the energy loss pro-
cesses of adiabatic cooling, synchrotron radiation, and IC
scattering.
For the second part of the simulations, the effect of drift
on the evolution of the spectra is investigated. Drift pro-
cesses are related to the geometry of the magnetic field in
the system, and to include these processes requires an ad-
ditional spatial dimension. The transport equation is thus
solved in an axisymmetric steady-state system where par-
ticles are transported by convection and diffusion, as well
as gradient and curvature drift. The simulations also take
into account the fact that particles will drift along the neu-
tral sheet.
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2 The axisymmetric transport equation
Let p denote momentum and r = r(r,θ ) the spatial posi-
tion of a particle. Synchrotron and IC losses are described
by
〈p˙〉n−t
p
=−z(r, t)p, (1)
where
z(r, t) =
4σT
3(m0c)2
(UB +UIC) (2)
is a function of the magnetic UB and photon UIC energy
field densities. The other constants in (2) are the Thomson
scattering cross-section σT, the rest mass of the particle
m0, and the speed of light c. It follows from (1) that syn-
chrotron radiation and IC scattering effect the same evolu-
tion on the transport equation, and the term ”synchrotron
losses/radiation” will therefore be used as a collective term
that refers to both of these non-thermal energy loss pro-
cesses.
It is generally assumed in PWN models (e.g., [8, 9, 12])
that the convection velocity of the wind has only a radial
component Vr, with the present simulations following suit.
In the axisymmetric model adiabatic losses are therefore
given by
〈p˙〉ad
p
=−
1
3r2
(
r2Vr
)
. (3)
While it is possible to formally include gradient and cur-
vature drifts in the transport equation, [2] and [13] have
shown that it is also possible to include these processes
directly into the diffusion tensor K. This tensor contains
only four elements in an axisymmetric system, with the
diagonal elements (κrr and κθθ ) describing diffusion, and
the off-diagonal elements (κrθ and κθr) describing gradi-
ent and curvature drifts.
For the simulations it is assumed that the spatial and
momentum dependence of the diffusion coefficients κii can
be separated, and that these coefficients scale linearly with
momentum, i.e.,
κ ≡ κ0κ (r,θ )β p, (4)
where β ≈ 1 is the usual relativistic factor, and κ0 a nor-
malisation constant. Furthermore, the spatial dependence
is determined by the relation κ (r,θ ) ∝ 1/B, where B is the
magnetic field.
It follows from the Fokker-Planck transport equation
that the spatial evolution of a particle spectrum in an ax-
isymmetric system can be described by
κrr
∂ 2 f
∂ r2 +
κθθ
r2
∂ 2 f
∂θ 2
+
[
1
r2
∂
∂ r
(
r2κrr
)
+
1
r sin θ
∂
∂θ (sinθκθr)−Vr
] ∂ f
∂ r
+
[
1
r2
∂
∂ r (rκrθ )+
1
r2 sinθ
∂
∂θ (sinθκθθ )
] ∂ f
∂θ
+
[
1
3r2
∂
∂ r
(
r2Vr
)
+ zp
] ∂ f
∂ ln p + 4zp f
= 0.
(5)
Here f (r, p, t) denotes the omni-directional distribution
function that is related to the more familiar particle density
through N(r, p, t) = 4pi p2 f (r, p, t).
Based on X-ray observations (e.g., [14, 15, 16]), the
source spectrum injected into the system is chosen to be
f ∝ p−4. As the particles under consideration are relativis-
tic (E ≈ pc), the source spectrum can equivalently be ex-
pressed as N ∝ E−2.
3 The effect of diffusion on the evolution of
the spectra
The results presented in this section focus specifically on
the effect that diffusion has on the evolution of the parti-
cle spectra in a PWN where convection, diffusion, adia-
batic losses, and synchrotron radiation are important. For
a discussion on the effect of the individual processes on
spectral evolution, [17], and the references therein, can be
consulted. Note that the results presented in this section
have also been published in [17]. Here more details are
also given on the Crank-Nicolson numerical scheme that is
used to solve the spherically-symmetric version of (5).
The velocity and magnetic profiles used in the simula-
tions are related through the ideal magnetohydrodynamic
limit ∇×V×B = 0. For a radial flow and purely azimuthal
magnetic field, this leads to
VBr =V0B0r0, (6)
where V0,B0, and κ0 represent the values at the termina-
tion shock r0. For the simulations the profile V ∝ r−0.5 is
used, and it therefore follows from (6) that B ∝ r−0.5. In a
spherically-symmetric system the diffusion tensor reduces
to a single isotropic diffusion coefficient κ . From the scal-
ing κ ∝ 1/B it follows that κ ∝ r0.5. The values used for
the variables can be found in [17].
3.1 Model predictions
Figure 1 shows the evolution of the spectra in the PWN, as
predicted by the model. Note that the spectra are plotted at
normalised distances, where r is normalised with respect
to the size of the PWN.
As κ ∝ β p, the particles that suffer the most synchrotron
losses will also be the particles that are most affected by
diffusion. Compared to a system where only convection is
present, diffusion will reduce the propagation time through
the system, thereby decreasing the synchrotron losses suf-
fered by the leptons. The result is that the characteristic
synchrotron cut-off that should appear at higher energies is
transformed into a much harder spectrum. It is only at the
the highest energies (E ≫ 1TeV) that this cut-off appears.
At lower energies the particles are primarily transported by
convection, and the particles subsequently only suffer adi-
abatic cooling. The result is a spectrum that decreases in
intensity, while the spectral index remains the same as that
of the source spectrum.
In the outer part of the system (r = 0.9) the spectrum in
the energy range 1 TeV. E . 10 TeV initially softens, and
can be fitted with a power-law N ∝ E−3.8. This initial soft-
ening of the spectrum is followed by a marginally harder
spectrum at E ∼ 10 TeV, and the spectrum in the energy
range 10 TeV . E . 200 TeV can again be fitted with a
power law N ∝ E−3.5. At larger energies (E & 100 TeV)
the spectrum softens again, signifying the beginning of the
high-energy synchrotron cut-off.
Evolution of Spectra in PWNe
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Figure 1: The evolution of the spectra in a spherically-
symmetric system. The particles are transported by con-
vection and diffusion, while being subjected to adiabatic
cooling, synchrotron radiation, and IC scattering (con-dif-
syn). Shown for comparison are the spectra for a system
where diffusion is absent (con-syn). The spectra are shown
at scaled radial distances, with r scaled to the size of the
system. The outer boundary of the system is therefore lo-
cated at r = 1.
3.2 Comparison with observations
Observations focussing on the inner region of Vela X show
a bright X-ray nebula [15]. The synchrotron photon index
Γ in the 3− 10 keV range was extracted from a number
of annular regions of increasing size, revealing a soften-
ing of the index with increasing distance from the shock
(r0 = 0.35′ [18].) In the inner region (r ≤ 0.5′) the pho-
ton index was found to be Γ = 1.50± 0.02, while the in-
dex in the outer annular region (8′ ≤ r ≤ 12′) was found to
be Γ = 1.90±0.06. If the energy spectrum of the particles
is described by N ∝ E−α , then the relation Γ = (α + 1)/2
implies α = 2.00± 0.04 in the inner annular region, and
α = 2.80± 0.12 in the outer region.
A similar X-ray observation (0.5−9 keV) has also been
performed for the nebula MSH 15-52 [16]. In the inner
annular region (30′′≤ r≤ 57′′) the photon index was found
to be Γ = 1.66± 0.02 (α = 2.32± 0.04), softening to a
value of Γ = 2.24± 0.28 (α = 3.48± 0.56) in the outer
annular region ( 246′′ ≤ r ≤ 300′′).
The electron energy needed to produce a synchrotron
photon with an energy of EkeV is [10]
E ≈ (220 TeV)B−1/2µG E
1/2
keV. (7)
Using the same parameters as those chosen by [17],
the magnetic field has the values Br=0.1 = 113 µG and
Br=0.9 = 38 µG. From (7) it follows that the electron en-
ergy needed to produce synchrotron emission in the en-
ergy range EkeV = 0.5− 10 keV is Er=0.1 = 15− 65 TeV
Figure 2: The calculated spectra at r = 0.9 and θ = 45◦
for a system where convection, diffusion, adiabatic losses,
and gradient, curvature, and neutral sheet drift are present.
Shown for comparison is the spectrum for a system where
drift is absent.
and Er=0.9 = 25− 113 TeV. Figure 1 shows that these are
the energy ranges where diffusion will have the largest in-
fluence on the evolution of the spectra. Furthermore, the
index αr=0.9 = 3.5 derived from Figure 1 (in the energy
range 2 TeV . E . 100 TeV) is consistent with the ob-
served index in the outer regions of MSH 15-52. Selecting
the wind profile V ∝ 1/r0.1, while keeping all the other
parameters fixed, the model calculates a particle index of
αr=0.9 = 2.8, in agreement with the observed index in the
outer regions of the compact Vela PWN.
4 The effect of drift on spectral evolution
For these simulations the axisymmetric transport equation
(5) includes the effects of convection, diffusion, adiabatic
losses, and drift. The last process includes gradient, cur-
vature, and neutral sheet drift. As mentioned previously,
the first two processes are included into the diffusion ten-
sor, while neutral sheet drift is included as explained in
[19]. For the purposes of illustration, a flat neutral sheet is
used in the simulations. The transport equation is solved
numerically using the Douglas Alternating Direction Im-
plicit scheme [20].
It should be noted that drift is dependent on the product
qA, where q is the electric charge of the particle, and
A ≡ cosα =
Ω ·µ
Ωµ . (8)
If qA > 0, particles will drift from the polar to equatorial
region and out along the neutral sheet, and vice versa for
qA < 0. For a graphical illustration of the expected drift
motion, [21] can be consulted.
Figure 2 shows the spectra at r = 0.9 and the angular
position of θ = 45◦. Shown for comparison in the same
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Figure 3: The same as Figure 2, but with the spectra plot-
ted at θ = 90◦.
figure is the spectrum calculated for a scenario where drift
is absent. In the qA > 0 scenario drift reduces the intensity
when E & 10TeV, but does not change the spectral shape.
In the energy range 0.1TeV . E . 10TeV the spectrum is
marginally harder. For the qA < 0 scenario the spectrum
at E & 10TeV is similar to the no-drift spectrum, but is
noticeably different in the energy range 0.1TeV . E .
10TeV, both in terms of spectral shape and intensity.
Figure 3 shows the same spectra as those shown in
Figure 2, but at θ = 90◦, i.e., the plane where the neutral
sheet is located. Compared to the no-drift scenario, drift in
the qA> 0 scenario leads to a softer spectrum at E & 1TeV,
but a markedly harder spectrum at smaller energy values.
At these lower energies it is possible to fit the spectrum
with the power-law N ∝ E−1.4. For the qA < 0 scenario
the spectrum is again similar to the no-drift scenario when
E & 10TeV. At lower energies a feature that resembles the
inverse of the one seen in the qA > 0 spectrum develops.
This feature is an enhancement of the one also visible in
Figure 2.
After an intensive investigation it was found that gradi-
ent and curvature drift have a minimal effect on the evolu-
tion of the spectrum. However, the large deviations from
the no-drift spectrum in Figure 3, for both the q > 0 and
qA > 0 scenarios, were found to be related to neutral sheet
drift.
5 Summary
In this paper it has been shown that diffusion can be used to
explain the spatial evolution of the X-ray spectra observed
from PWNe. As the presented simulations were done for
a steady-state system, it may be argued that these solu-
tions are limited. However, [17] has shown that a time-
dependent solution of (5) does not lead to new spectral fea-
tures. Note that these time-dependent solutions also take
into account the fact that the outer boundary of the PWN
expands with time.
While the simulations are presented within the context
of PWNe, the results are also valid for any central source
system. This further implies that the evolution is not lim-
ited to electron/positron spectra, but can also be applied to
protons, or even partially ionised nuclei.
Lastly, it was found that gradient and curvature drift re-
sulting from the Archimedean spiral geometry of the mag-
netic field have a negligible effect on the spectral evolution.
However, the presence of a neutral sheet, and as a result
drift associated with this structure, can lead to significant
modification of both the particle intensity and shape of the
spectra. For the qA > 0 scenario neutral sheet drift leads to
a hard spectrum at lower energies, possibly explaining the
origin of the spectrum required to produce the hard radio
synchrotron emission typically observed from PWNe (e.g.,
[23]). This result might also be supported by the radio mea-
surements of [22]. Observing the inner region of Vela X,
[22] found radio lobes in the same plane where the neutral
sheet should also be located. Furthermore, [22] derived a
spectral index similar to the one predicted by the model. It
is therefore tentatively suggested that the radio lobes could
be related to the presence of a neutral sheet.
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